Abstract. Magnetic fluctuations at frequencies ω < ∼ ω ci driven by Neutral Beam Injection heating and identified as Compressional Alfvén Eigenmodes (CAEs) have been observed on MAST. The measured toroidal mode numbers are in the range 4 < |n| < 10 and waves rotate in both co-and counter-current directions. The frequency variation is consistent with an Alfvénic scaling, and modes are elliptically polarised with a significant magnetic field component aligned parallel to the equilibrium field. Frequency clustering of modes occurs on three frequency scales. At the finest scale there are multiple modes each separated by a constant frequency ∼10-20kHz; this is shown to be a result of modulation by low frequency tearing modes. A larger scale frequency splitting exists in the range 100-150kHz; these have consecutive toroidal mode numbers and are in agreement with numerical modelling. Finally, modes exist at frequencies close to ω = ω ci and ω ci /2 consistent with previous observations on START and DIII-D suggesting that the CAEs exist in two distinct ranges of k . Calculations of CAEs suggest that the modes are localised at r/a ∼ 0.5. The modes form within a potential well due to the variation of (nq/κρ) 2 , and are not directly influenced by variations in v A . This is distinct from observations based on ion cyclotron emission in conventional aspect ratio tokamaks which indicate that CAE modes occur closer to the plasma edge and that their existence relies on a competition between k ⊥ and 1/v A .
Introduction
Electromagnetic emission around the ion cyclotron frequency has been reported on many plasma devices ranging from small mirror machines to large tokamaks. Initial observations were at harmonics of the ion cyclotron frequency ω ci driven by ion cyclotron radio-wave heating, by neutral-beam injection (NBI) or by fusion products, for example DCX-1 [1] , TFR [2] , JT60-U [3] , JET [4] , TFTR [5] and DIII-D [6] . Theoretically, these emissions were understood to arise from the destabilisation of the fast magneto-acoustic wave by fast ions [7] . The instability was subsequently identified as the magneto-acoustic cyclotron instability (MCI) [8, 9, 10, 11] . In the literature, the MCI is also referred to as the compressional Alfvén wave [12] , Alfvén cyclotron instability (ACI) [13] and the compressional Alfvén eigenmode (CAE) [14] . Henceforth this paper will use the term CAE.
The characteristics of CAE modes were identified by Coppi et al [15] as modes that can interact resonantly with the super-thermal ions and are subject to only weak damping by the bulk plasma. Furthermore the modes should have a frequency ω close to the ion cyclotron frequency ω ci , and, in order to avoid significant electron Landau damping and transit-time damping, a vanishingly small parallel electric field and propagation almost perpendicular to the applied field (k ≪ k ⊥ ). The requirement for a finite k was identified by Dendy et al [16] to avoid ion cyclotron damping by Doppler shifting the modes away from the cyclotron frequency.
Early observations of ion cyclotron emission (ICE) in tokamaks suggested that the eigenmodes were localised at the outer mid-plane, whilst Fokker-Planck calculations provided evidence of a positive velocity gradient of the energetic particle population in this region [7] . Mahajan and Ross [12] derived an eigenmode equation for CAEs resembling Schrödinger's equation,
where ψ = √ rωE r /(k ⊥ v A (r)), r is the distance from the major axis, E r is the radial component of the electric field, v A is the Alfvén velocity, k ⊥ =m/r, ω is the mode frequency, and V (r) = (ω/v A (r)) 2 + k 2 ⊥ is the effective potential. Modes form in a potential well created by a combination of the variation of v A and k ⊥ , conditions most likely to be satisfied close to the periphery of the plasma column. By including toroidal corrections, modes were predicted to be localised on the outer mid-plane [14] . The poloidal localisation becomes stronger in higher toroidicity conditions such as encountered in Spherical Tokamaks, and subsequent approaches have employed a ballooning formalism [17, 18] .
Drive calculations were initially restricted to the uniform plasma approximation with k = 0 and with ω ≫ ω ci [19] . Coppi et al [15] considered frequencies close to harmonics of ω ci , i.e. ω ≃ pω ci where p is an integer, and included the effect of a finite density gradient and magnetic curvature drift as extensions to the homogeneous model. Dendy et al extended the theory of [19] to frequencies ω ∼ ω ci with fastparticle distributions which were isotropic in pitch and either mono-energetic [8] or Gaussian [9] ; the analysis was subsequently extended to finite k [16] . Gorelenkov and Cheng [13] computed the drive of CAEs in the limit ω ≫ ω ci and for poloidal mode numbers m ≫ 1 using a cylindrical approximation utilising the radial structure of the modes as given in [12] . Finite orbit effects were included to obtain a growth rate γ valid in the limitγ < τ −1 b where τ b is the bounce/transit time. Fülöp et al [20, 21] extended the work of [16] by including curvature and ∇B drift terms in the resonance condition to compute growth rates valid for γ > τ −1 b . They demonstrated that toroidal effects could result in strongly enhanced growth rates and a modification of the excited wave branches for the conditions of ICE in TFTR.
From the late 1990's results from Spherical Tokamaks raised new questions concerning super-Alfvénic modes. START reported intense bursting activity well above the toroidal Alfvén eigenmode (TAE) frequency range, in the range 600-900kHz, i.e. 0.3 < ω/ω ci < 0.6 and weaker emission at ω/ω ci ≃ 1 [22] . The activity was driven by NBI heated ions with velocities v b ≃ 2v A . Attempts to measure coherent mode activity in the range close to harmonics of ω ci as reported previously for conventional tokamaks were unsuccessful. Fokker-Planck modelling backed up by neutral particle analyser measurements indicated the presence of bump-on-tail ion distributions that could provide the necessary drive for CAEs. NSTX [23] reported magnetic activity in a similar frequency range. These were identified as CAE modes excited by the NBI heated ions with beam velocities, in the range 2 < v b /v A < 4 . Typically, the modes occurred in two bands, between 0.4-1.5 MHz and 1.5-2.5 MHz. Each band contained sub-bands separated by around 130 kHz and these sub-bands exhibited a fine scale splitting of ≈25 kHz. The three scales for frequency splitting were explained by the quantisation of modes in toroidal, poloidal and radial directions, with the smallest and largest frequency separations arising from the toroidal and radial quantisations respectively [24] . Measured frequency splittings for the two larger frequency scales were in reasonable agreement with calculations when toroidicity was included. Subsequent observations of more complex magnetic spectrograms showing spectral peaks that crossed in time were explained by the coincident presence of global shear Alfvén modes (GAEs) [25] . It was shown that conditions for driving both CAEs and global Alfvén eigenmodes (GAEs) could be met in NSTX. Further measurements [26, 27] provided evidence that the magnetic fluctuations were nearly parallel to the local equilibrium field (δB > δB ⊥ ), modes propagated in both co-and counter-plasma current and NBI direction, and toroidal mode numbers were in the range 1 < |n| < 13. Recent experiments on DIII-D [28] have observed CAE activity at ω ≃ ω ci /2 not previously reported for conventional tokamaks. Similar to observations on NSTX, activity occurs simultaneously at multiple discrete frequencies separated by three frequency scales ∼ 20 kHz, 110 kHz and 0.8 MHz.
Compared to the earlier ICE measurements, a feature of the data reported on START, NSTX and more recently on DIII-D is that the mode frequencies deviate significantly from integer multiples of ω ci . The significance of this can be seen from the resonance condition [24] 
where l = 1 for CAE modes, v and v D are the motions of particles parallel and perpendicular to the equilibrium magnetic field. Doppler frequency shifts away from ω = lω ci will occur if
k is a significant parameter for controlling the magnitude of the Doppler shift; the requirement to minimize electron Landau damping results in two possible limits for the existence of modes: ω/k ≫ v e and ω/k ≪ v e where v e is the electron thermal velocity.
Conventionally ICE appears to favour the former limit whereas the recent data exhbiting larger Doppler shifts is a consequence of the latter limit. This paper presents the experimental evidence of CAE activity on MAST between 2004 and 2007. Numerical calculations of eigenmodes using the model of [18] are carried out based on EFIT [29, 30] equilibrium reconstructions of a MAST discharge and compared with measured fluctuations. Analysis of the magnetic fluctuations shows strong evidence that the CAEs are elliptically polarised with a significant component oriented parallel to the equilibrium field.
The structure of the paper is as follows. In section 2 the experimental observations are described. Section 3 explores the significance of the measurements, describes numerical calculations of eigenmodes, and discusses limits of validity of the model. Finally section 4 presents conclusions.
Experimental observation of magnetic fluctuations
The earliest observations of CAE-like activity on MAST were made in 2004 [31] . The measured activity persisted for up to 150ms, and was generally bursting and of low amplitude ∼ 10 −7 T at the measurement location. Following the installation in 2006 of a new positive ion neutral injector (PINI) [32] , there were observations of non-bursting CAEs with larger amplitudes δB ∼ 10 −5 T. The following sections describe the MAST heating and diagnostic systems, and observations of CAEs.
MAST tokamak
The MAST experiment [33] is designed to study low aspect ratio (R/a ∼ 0.85m/0.65m ∼ 1.3), highly elongated (κ > 2) fusion-relevant plasmas. It operates with currents up to 1.5MA, vacuum toroidal magnetic fields up to 0.52T (at R=0.85m) and at densities in the range of 0.1-1×10 20 m −3 resulting in typical Alfvén velocities of 8 × 10
Of particular relevance to the present studies are the high temporally and spatially resolved Thomson scattering measurements and the charge exchange recombination spectroscopy (CXRS) for determination of the bulk plasma toroidal rotation. Neutral beam injection (NBI) provides the majority of auxilliary heating. There are two separate NBI units providing off-axis injection at the plasma mid-plane. Normal operation utilises deuterium injection. In 2006 one of the original NBI units was replaced. The original units were capable of delivering beam energies in the range 10-47 keV and powers up to 2 MW; a newer PINI provides energies of 35-75 keV and powers up to 2.5 MW. Greater reliability enables the new PINI to operate closer to its upper design limit. In practice, high-frequency activity in the earlier campaigns was obtained with a single NBI source delivering ∼1.2 MW at 45 keV whereas later observations utilised the newer PINI delivering 1.7 MW at 64 keV with variable heating delivered from the second NBI unit. The ratio of beam ion velocity to Alfvén velocity was v b /v A ∼ 2 in earlier shots; using the new PINI v b /v A ∼ 2.5. Thus from 2004 to 2007 the NBI power and energy have increased by ∼ 40% whereas v b /v A has increased by ∼ 20%.
Magnetic fluctuations are measured by the Outboard Mirnov Array for HighFrequency Acquisition (OMAHA ) [34] . This consists of a set of probes each containing three concentric orthogonal coils designed for measuring fluctuations up to 7 MHz. The probes are located just above the mid-plane on the low-field side and at R=1.7m, approximately 30cm beyond the outer plasma edge.
The probes were installed in several stages and now consist of 9 sets of coils at toroidal angles (degrees): 243.5, 247.5, 267.5, 277.7, 292.5, 306, 324, 336, 357 and 6. Each coil set consists of 3 concentrically arranged coils for resolving the 3-field vector components. The toroidal locations of the coils were chosen to provide optimal discrimination between modes in the range |n| ≤ 20 [34] .
Measurements in 2004
Evidence of CAE-like activity on MAST was first observed in a series of 10 deuterium discharges during the 2004 electron Bernstein wave campaign. The objective of this campaign was to detect mode conversion of injected electron cyclotron radio-frequency wave heating (ECRH) to electron Bernstein waves. This required a steep edge density gradient [35] , a feature that coincidentally was understood to be important for the existence of CAE modes. Figure 1 shows the time-traces of one of these discharges, pulse number 9429. This is a deuterium plasma with 1.25 MW, 45 keV deuterium NBI applied during the current ramp, and 600kW ECRH applied later. The plasma current plateaus at 780kA, and the discharge is in H-mode from 158ms as is evident from the D α signal. Entry to H-mode coincides with a sawtooth crash, apparent from the soft X-ray (SXR) signals, and thereafter there are regular sawteeth at intervals of 10-15ms. Figure  2 shows the magnetic activity measured by one of the coils of the OMAHA toroidal array. Up to 200ms there is intermittent bursting high-frequency activity at the TAE frequency. (The TAE frequency is estimated from f =v A /4πq 0 R 0 ≈ 150 kHz, where v A and R 0 are respectively the Alfvén velocity and the major radius at the magnetic axis, and q 0 ≈ 1 is the safety factor at the mode localisation surface.) At t=162ms, just after entry into H-mode and the first sawtooth crash, upwards chirping MHD activity appears and rapidly rises above the frequencies expected for global shear Alfvén modes. The activity exists in two frequency bands separated by 150 kHz. Each band comprises multiple modes, each separated by ∼10-15 kHz. The mode activity lasts for over 150ms, with quiescent periods of around 5ms following each sawtooth crash. Over the entire duration of the activity, the mode frequencies vary by ∼500 kHz, increasing from around 50 kHz at a gradually decreasing rate. This represents an eight-fold change in the frequency; in comparison over the same time the typical variation in the plasma equilibrium parameters is only 10-20%. Each frequency band consists of a dominant mode and other modes of smaller amplitude; the amplitudes of the dominant modes are on average < ∼ 10 −9 T with initially larger amplitudes following sawteeth of up to ∼4×10 −7 T and ∼1.5×10 −7 T for the upper and lower frequency bands respectively. The modes are identified to be in the range 6 < |n| < 10 with mode numbers decreasing towards the top of each band and adjacent modes having mode numbers differing by ±1. The modes appear to rotate in the counter-current direction (but note that this result may be affected by aliasing). The dominant mode in the upper band has been determined using an SVD Fourier decomposition technique [36] to be |n| = 8 whereas in the lower band it is |n|=9.
Coincident with the high-frequency chirping activity, there is a quasi steady-state lower frequency n=1 mode. Figure 4 plots the frequency separation of adjacent highfrequency modes against the frequency of the lower-frequency mode. The results suggest a connection between the high-frequency mode separation and the lower frequency mode.
It is likely that the drive for the high-frequency modes is from NBI heating. This is based on the fact that the modes appear before the onset of the ECRH heating. In addition similiar behaviour is observed in MAST discharge 9426 shown in figure 3 which has the same NBI drive but no ECRH.
In these discharges, measurements were collected at a rate of 2 MHz without the use of a bandpass filter that would otherwise have restricted detection to below the Nyquist frequency limit of f Nyq = 1 MHz. Consequently, a frequency f detected in a range 0 < f < f Nyq cannot be distinguished from frequencies
with p an integer and h = ±1. The parameter h is a consequence of times-series data having no complex component and results in the symmetry relation of the discrete Fourier transform H(f ) = conjugate[H(−f )]. This symmetry relation also results in a sign change in aliased toroidal mode numbers: n alias = hn. Thus, it is likely that the apparently large (eight-fold) frequency sweep exhibited by the high-frequency activity may be explained by the data being aliased from a higher frequency (i.e. |p| > 0). For example putting h=−1 and p = 1, transforms the activity to between 1.4 MHz and 1.9 MHz and reduces the relative chirp frequency to 30%, similar to the change in the equilibrium plasma parameters. This would also place the frequency in the range 0.5
0, which is in the range of CAE frequencies observed on NSTX and DIII-D. Section 3 will explore this possibility further.
Further evidence of activity in the CAE frequency range was observed in other data obtained in 2004. Firstly, in a series of eight discharges sampled at 5 MHz, modes were observed in the frequency range 800 kHz< f < 1.8 MHz. Figure 5 is a spectrogram of a typical case in this series. The magnetic activity is well above the TAE frequency band and is in the range 0.3 < ω/ω ci < 0.5. Between 190ms and 240ms there are bursts of activity of duration up to 10ms, either one mode or two simultaneous modes. The activity around 800 kHz consists of multiple rapid chirps, whereas the activity around 1200 kHz is continuous. Between 251ms and 254ms there are at least 15 modes excited simultaneously with frequency separations between each mode of ∼25 kHz, matching the frequency of a coincident lower-frequency n=1 mode.
Of the discharges sampled at 10 MHz the activity observed in discharge 11460 and shown in figure 6 is the most interesting. Throughout the duration of the 50ms data window, there is bursting activity around 3 MHz which is close to ω ci /2π. For the first 25ms, there are two discrete frequency bands separated by 150 kHz and around 120ms there are indications of a third weak frequency band appearing above the main band. Each burst lasts ∼1ms and has a magnitude δB ∼10 a single burst shown in figure 7 reveals the formation of hole-clump pairs as reported and modelled previously for TAEs on MAST [37] and JET [38] ; also CAEs and GAEs on NSTX [39] 2.3. Measurements in 2007 appears at this time (see figure 9 ; in addition the frequency spacing between the modes is relatively uniform and similar in magnitude to the low frequency mode ∼20 kHz). It is interesting to note that the longer-lived modes often have periods of bursting interspersed with periods where the amplitude remains constant. One such example is shown in figure 10 . Figure 11 is another example of high frequency activity from discharge 17953. (The Nyquist frequency of this data is 5MHz.) Similar to the previous data there are two bursts of activity in the range 1<f [MHz]<2 each with a fine-scale structure of 15 kHz; in addition the first burst has two separate bands separated by 200 kHz. Within each band, the frequency difference between adjacent modes is ∼15 kHz, comparable to coincident low frequency n=1 activity. A unique feature of this discharge is that the modes rotate in opposite directions: activity at t ∼250ms has mode numbers in the range −10<n<−4 (the negative sign denotes modes rotate in the counter-current direction) whereas at t ∼290ms the mode numbers are in the range 6 < n < 12 (modes rotate in the co-current direction). The direction of rotation could be reversed if the data was aliassed; this would suggest the actual mode frequency is at f ∼ 2ω ci /2π. An alternative explanation suggested by [40] is that the occurrence of co-rotating modes depends on the parallel neutral beam velocity exceeding the threshold v b > 2 √ 3v A /2.
Interpretation of measurements
The magnetic measurements described in section 2 provide clear evidence for the existence of mode activity with discrete frequencies well above the TAE gap frequencies. This section assesses the evidence that these modes are CAE modes. A distinctive feature of the high frequency activity is the occurrence of fine-scale splitting. Fine-scale frequency splitting often occurs in the presence of low frequency MHD n = 1 activity. The frequency difference of adjacent modes is equal to the frequency of the low frequency mode (see for example figure 4) ; also the mode numbers of adjacent modes increase incrementally. A plausible explanation for the fine-scale splitting is that it is a consequence of beating of the high and low frequency modes. Strictly MHD eigenfunction calculations of the high-frequency modes need to be carried out on a 3-D magnetic configuration which includes the low frequency MHD. In the absence of such a treatment we henceforth consider only the dominant mode in each frequency band for comparison with the computed eigenfunctions. For the fluctuations in discharge 9429 shown in figure 2 the dominant modes are |n|=8 and |n|=9. A starting point for mode identification is to demonstrate whether the mode frequencies scale linearly with the Alfvén velocity at the peak emission surface. Only in one case, MAST discharge 9429 shown in figure 2, does the frequency vary significantly during the observation of high-frequency fluctuations. As was pointed out in section 2, the dominant mode within each band has the same toroidal mode number within each burst of activity suggesting that the same modes are excited over the entire length of the observation. Figure 12 plots the temporal variation of the Alfvén velocity in MAST discharge 9429 at various radii on the outboard mid-plane. Superimposed are functions proportional to the measured frequencies for a range of values of p and h. The figure shows that v A decreases in the core and increases at the plasma edge. This is due to the presence of density "ears", i.e. localised peaking of density close to the separatrix that form in the plasma around 160ms and thereafter relax. The density ears are clearly visible in the Thomson scattering measurements of n e shown in figure 13 In the figure, at 160ms the density peaks at three locations in radius: R=0.5m, R=1.2m and R=0.9m corresponding to the two density "ears" and the plasma centre respectively. The best fit to an Alfvénic scaling is obtained with the transformation parameters p=1, h = −1 (ie. the blue-dashed line) placing the frequency in the range 1. direction. Figure 14 plots ω ci at the outboard mid-plane for MAST discharge 9429 during the time of high-frequency emission; the vertical bars indicate the variation of ω ci due to the evolution of the plasma equilibrium during this time. Normalized to the local value of ω ci , the measured fluctuation frequencies are in the range (i) 0.4<ω/ω ci <0.6 for the alias parameters (equation 3) p=1, h = −1, and (ii) 1.2<ω/ω ci <1.5 for p=2, h = −1.
The two most likely candidates for the observed modes are GAEs and CAEs. The significant difference between these modes is in the orientation of the wave vector k: for GAEs k ≫ k ⊥ whereas for CAEs k ⊥ ≫ k . The low-frequency linearised MHD fluid equation is B = k/w × (v × B 0 ) where B and v are the fluctuating magnetic field and velocity vectors and B 0 is the equilibrium field. Taking the cross-product with k yields k · B = 0 from which it follows that GAEs are expected to have B ≪ B ⊥ whereas for CAEs B ⊥ ≪ B . A general representation for the perturbation field is [41, 42] 
where T is real, B is complex, and e t , e a are unit orthogonal vectors in the polarisation plane with unit normal e n = e t × e a . As time advances, the real projections of equation (4) trace out an ellipse with axes along the e t and e a directions and initial phase Φ. The quantity T is referred to as the axial ratio, being the ratio between the field components in the e t and e a directions. Figure 15 illustrates the time-variation of an elliptically polarised wave. A linearly polarised wave is orientated either along e a or e t and has T = 0 or T = ±∞ respectively; a circularly polarised wave has T = ±1; other values signify elliptic polarisations. The sign of T reflects the direction of rotation of the wave vector in the polarisation plane with T > 0 and T < 0 signifying anticlockwise and clockwise rotation respectively. Restricting |T | > 1, components orientated in directions e t and e a form the major and minor axes respectively of a polarisation ellipse. The Appendix A to this paper describes how to rotate wave components expressed in cylindrical (R,φ,Z) coordinates into the plane of polarisation.
The vector e n describing the orientation of the polarization plane is crucial in discriminating between shear and compressional modes. It is anticipated that for shear modes |e n · B 0 | > |e n × B 0 | whereas for compressional modes |e n · B 0 | < |e n × B 0 |. In addition the direction of rotation of the polarisation plane, and therefore the sign of T , is likely to be influenced by the origin of the mode drive. Figure 16 plots e n · B 0 at R = 1.7m, z = 0.2m, φ = 306 deg for MAST discharge 17944. The results were computed using data from three co-located orthogonal magnetic coils. The results show that B 0 · e n is significantly smaller for the high-frequency modes compared to the low-frequency activity. Both low and high frequency modes are elliptically polarised. Results from other discharges confirm the general result |e n · B 0 | < |e n × B 0 | for high frequency modes; in contrast lower frequency activity such as TAEs and tearing modes exhibit |e n · B 0 | > |e n × B 0 |. These results provide strong supporting evidence that the high frequency modes are CAEs. Calculations of CAE eigenmodes were carried out based on the model of Smith et al [18] . Detailed magnetic reconstructions were computed by the EFIT code at 5ms intervals corresponding to the Thomson scattering times. In addition to the standard magnetic constraints, the equilibria pressures were constrained in the radial range 0.45< (R − R 0 )/a 0 <1.0 to twice the measured electron pressure. Here R 0 and a 0 are the Figure 17 . Equilibrium magnetic field components in MAST discharge 9429 at 140ms on the outboard mid-plane. In the figure |B| denotes the total equilibrium field; B z denotes the poloidal field; B φ denotes the toroidal field; and B vac denotes the vacuum component of the toroidal field. The light blue trace matches |B| at R = R mag and otherwise varies as 1/R; this form was used in the modelling calculations.
plasma major radius and minor radius respectively. Numerical calculations for the eigenfunctions were computed using equilibria values on the outboard mid-plane and employed the radial coordinate ρ = R(z = 0) − R mag where R mag is the magnetic axis; also the normalized radial coordinater=ρ/a where a is the distance of the magnetic axis to the outer separatrix at the mid-plane. The plasma density profile was modelled by n(r) = A(1 −r 2 ) σ + B exp(−(r − r E ) 2 /∆r E ) + K(r e , ∆r E ), in which A, B, σ, ∆r E , r E amd K are fit coefficients chosen such that n(r = 1)=0. The q-profile was modelled by q = q 0 (1 − β(r)
2 ) −α , where β = 1 − (q 0 /q a ) 1/α . For the variation of |B| we observe that on the outboard mid-plane the toroidal paramagnetic field near the axis is comparable to the poloidal field near the edge. The result, shown in figure 17 for a single time-slice, is that to a reasonable approximation |B| ∝ B vac . Other parameters required were: R mag and a defined above; κ, the elongation; and v A (r a ) and ω ci (r a ) respectively the value of v A and ω ci at a reference position r a .
The results shown in figures 18-20 were obtained for toroidal modes n=8 and n=9 and contain three distinct classes of eigenfunction in terms of the radial localisationr, the characteristic radial width ∆, and the characteristic poloidal width η: (i) eigenfunctions localised atr ≈ 0.5, with broad radial and narrow poloidal structures (see figure 18) ; (ii) eigenfunctions localised atr ≈ 0.5, with narrow radial and broad poloidal structures (see figure 19) ; and (iii) modes localized close to the separatrix (see figure 20) .
Also plotted on the figures are the measured fluctuations transformed to the frequency ranges 1 < f (MHz) < 2 and 3 < f (MHz) < 4 via the transformation parameters (equation 3) {p=1, h=-1}, and {p=2, h=-1} respectively. The results for the two internally localised mode classes shown in figures 18 and 19 reproduce the observed frequency shift between the two frequency bands but not the actual frequencies. The Figure 18 . CAE eigenvalues computed using the model of [18] for modes with 0.5<r<0.7, 0.16<∆/a<0.26, 13<η(deg)<19 (i.e. modes atr ≈ 0.5, with broad radial and narrow poloidal structures) for MAST discharge 9429. Figure 19 . CAE eigenvalues computed using the model of [18] for modes with 0.4<r<0.6, 0.06<∆/a<0.1, 92<η(deg)<99 (i.e. modes atr ≈ 0.5, with narrow radial and broad poloidal structures) for MAST discharge 9429.
best fit is to the measured frequencies transformed via {p=2, h=-1} shown in figure 19 . Modes localised close to the separatrix (see figure 20) have the highest frequencies with f > 1.6ω ci /2π and do not reproduce the frequency difference between the two bands of observed activity.
The presence of modes localised atr ≈ 0.5 is an unexpected result, and is in apparent contradiction with results of cylindrical treatments [10, 12, 13 ] that predict that modes should be localised close to the separatrix. To explore this further, we write the eigenmode equation of [18] at ϑ = 0 (i.e. the outboard mid-plane) and neglecting variations in ∂/∂ϑ:
where
Rω ci (
In the limit G/L r ≪ H, in which L r denotes a radial scale length of the eigenmode, equation 5 has the same form as equation (1) with H(ρ) the potential function. Figure  21 plots H(ρ) for plasma parameters at 160ms and with n=8 and ω/2π = 2.3 MHz. Also shown are G(ρ) and the components of H(ρ). The function H(ρ) exhibits a minimum at r ≈ 0.5 due to the n 2 q 2 /κ 2 ρ 2 term; other terms do not contribute significantly to the form of H(ρ). A local minimum in H(ρ) close to the separatrix reported elsewhere [12, 14] due to the competition between the first two terms of H(ρ) is absent for this discharge.
The minimum in H(ρ) is a consequence of the calculated mode spectrum that is obtained using the ballooning transformation and the assumption k ≪ k ⊥ . A cylindrical approach assumes the presence of a single poloidal harmonic and terms with nq in equation (7) are replaced with m, eg. the n 2 q 2 /ρ 2 term is replaced by m 2 /ρ 2 (for κ=1). In contrast the ballooning treatment, as used by [18] , has an infinite spectrum in m: variations are represented as X(ρ, ϑ) = ∞ j=−∞X (ρ, ϑ + 2πj) exp[inq(ρ)(ϑ + 2πj)] where q(ρ) is the safety factor. (Here ϑ extends over 2π,X(ρ, ϑ) is non-periodic and the summation over ∞ ensures that X(ρ, ϑ) is a periodic function.) The result is a q 2 dependence in equation (7) resulting in the generation of a potential well independent of the local Alfvén velocity. An important restriction in the model of [18] is that only H(ρ) G(ρ) Figure 21 . Radial variation of G, H and the components of H using the equilibrium parameters from MAST discharge 9429 at t=160ms with n=8 and ω/2π = 2.
the leading order term j = 0 is retained. This is valid provided thatX(ρ, ϑ) is strongly localized in ϑ such that contributions to X(ρ, ϑ) are significant only over a range of 2π. It is notable that for a similar approach presented in [17] it was concluded that the coupling of the j = 0 ballooning components to j = ±1 components was weak for poloidal modes m < ∼ 10. The validity of the other assumptions inherent in the approach of [18] require further discussion in the context of analysis of the MAST discharge:
Assuming that each CAE mode is resonant with an internal magnetic surface, i.e. k =0 on a surface with q = m/n; taking q = 1, n = 8,r=0.5, a =0.5m, κ=1.9 yields k ⊥ ≈ m/κr = 17m −1 . The deviation of k from zero is estimated from the resonance condition ω = lω ci + ω D + k v where l = 1 for CAE modes, v is the parallel particle motion and ω D is the drift frequency which can be written
where χ = v /v. Taking ω/ω ci ≈ 0.5 (the value estimated earlier for the transformation equation (3) {p=1, h=−1}) and with ω ci /2π=3.2 MHz, n=10, q=1, R 0 =1m, χ=0.5 the resonance condition for a 40 keV deuteron yields |k | ≈ 5m −1 . Similarly for the mode frequency ω/ω ci ≈ 1.3 (obtained with the transformations {p=2, h=−1}) the resonance condition yields |k | ≈ 3m −1 . Thus for MAST conditions |k | ∼ |k ⊥ |.
(ii) wave frequencies are in the range ω ∼ ω ci ≪ ω ce , where ω ci and ω ce are the ion and electron cyclotron frequencies respectively. This assumption is well satisfied. Max(K n ) (−) Figure 22 . Maximal variation of K n with n=8 and n=9 at 160< t(ms)<320 for MAST discharge 9429.
(The definition of K n used here includes the magnetic shear dq/dr q 2 which is also required to be small). Figure 22 plots maximal values of K n with n=8 and n=9 for MAST discharge 9429 160<t(ms)<220. The figure shows that K n ≪ 1 is well satisfied for modes withr<0.8 and at frequencies ∼3.5 MHz, but not for lower frequency modes.
(iv) Solutions are restricted to the formB(ρ,
is the Hermite polynomial of degree s. Here, ∆ and η are the characteristic radial and poloidal widths; ρ 0 and ϑ 0 are the radial and poloidally localisations. An outcome of the model is ϑ 0 = 0 for all eigenmodes. Solutions with a similar form have been obtained previously by local expansion for various generic plasma profiles in cylindrical geometry [12, 10] . The ansatz is therefore considered reasonable for radially localised eigenfunctions.
(vi) The variation in ξ = ρκv 2 A /Rω 2 is small in the locality of ρ 0 and ϑ 0 . Radial variations in ξ correlate with the function G(ρ) shown in figure 21. They are smallest at the localisations of "core" modes and larger for modes localised closer to the edge. The correlation suggests that modes for which G(ρ) ≪ 1 and are consequently well represented by the form of the Schrödinger equation have a sufficiently small variation of ξ. Figure 23 plots maximal values of w ∆ /a with n=8 and n=9 for MAST discharge 9429 160<t(ms)<220. The inequality ∆ ≫ w ∆ is satisfied at the upper alias frequency ∼ 3.5 MHz (p=2, h=−1), but not at the lower alias frequency ∼ 1. 
Summary and Conclusions
There is strong evidence that magnetic fluctuations observed on MAST in the frequency range ω < ∼ ω ci are due to CAE modes. Data has been collected over four years of MAST operations during which time the NBI heating has been upgraded. More recent data contain CAEs with long periods of steady-state non-modulated activity with large measured amplitudes ∼ 10 −5 T , manifestations of a stronger drive from the NBI source. The salient features of the activity are (i) Mode numbers are in the range 4 < |n| < 10
(ii) Frequency clustering occurs on three frequency scales. On the finest scale there are multiple modes, sometimes exceeding ten, each separated by a constant frequency ∼10-20 kHz; this is consistent with modulation from low frequency global modes. A larger scale frequency splitting exists in the range, ∼100-150 kHz; these have consecutive toroidal mode numbers and are in agreement with numerical modelling. Finally, modes exist at frequencies close to ω = ω ci and ω ci /2. These observations are consistent with observations on START and DIII-D [22, 28] and suggest that the CAEs exist in two distinct ranges of k .
(iii) The mode rotation can be in either the co-current or counter-current direction.
(iv) The frequency variation of the activity is consistent with an Alfvénic scaling.
(v) Modes are elliptically polarised and have a significant component aligned parallel with B 0
Calculations of CAE eigenfunctions suggest that modes are localised at r/a ∼ 0.5. The modes form within the well of a potential function due to the variation of (nq/κρ) 2 , and are not directly influenced by variations in v A . This is different to observations of ICE in conventional aspect ratio tokamaks which occur close to the plasma edge and for which their existence relies upon a strong radial variation between k ⊥ and 1/v A . Calculated eigenvalues successfully reproduce the observed large-scale frequency splitting but not the absolute frequencies. A detailed study of the model validity has identified that four assumptions of the model, namely k ≪ k ⊥ , K n ≪ 1, ∆ ≫ w ∆ , and η ≫ w η are not well satisfied for frequencies around 1.5MHz. Work is currently underway to address these concerns.
Appendix A. Rotation of a wave in cylindrical coordinates to the polarisation plane Analysis of measured magnetic fluctuations first requires decomposition into Fourier components in the manner described in [36] . To express the magnetic fluctuations using the axial-ratio formulation, the Fourier data must be rotated to the polarization frame. In general, this can be accomplished by three frame rotations. In column vector notation, the rotated coordinate frame (e where R 1 , R 2 and R 3 are rotation matrices, and where the superscript (n) denotes the frame rotated by R n · ... · R 1 . The result of the first two rotations R 2 · R 1 rotates the laboratory frame such that the wave vector lies in a polarisation plane with unit normal e
R ≡ e n . These rotations can be chosen in two arbitrary orthogonal directions; here we select χ 1 , χ 2 to be rotations about the e φ and e Z axes, respectively. The Fourier components in the (e
R , e
φ , e where |δB| is the magnitude of the fluctuation, exp iΦ is its complex phase, and T is a real scalar value. The advantage of this representation is that the characteristic polarisations of a wave (i.e. whether it is linear, circular or elliptic) are expressed in terms of a real-valued scalar parameter T . Equation (A.5) comprises two independent equations, which can be solved for the axial ratio T and the rotation angle χ 3 . These yield a quadratic equation for T The two solutions for T have the same sign, and are equal to their inverse. Without loss of generality, we have chosen the solution with |T | > 1, such that e t is the major radius.
Finally the unit vectors e t , e a and e n in the laboratory frame are obtained by performing the inverse rotations i.e. 
